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1 The Model

Folowing Benigno and Benigno (2003, ECB-WP), we extend the model in Gali (2020) to a

two-country economy model.
1.1 Households
We consider a world economy populated by a measure one of households. The

population on the segment [O,V) belongs to the Home country (H) while the one on

the segment [V,l] belongs to the Foreign country (F).

Households’ preference is given by:
> B!, (A1-1)
t=0

with

ul={u(ce)-v(n)Yz, i jelor) and U ={u(c.it)-v(N)z,  if

t
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jev.1],

where the index j denotes a variable that is specific to household j and the index

i denotes a variable specific to the country H or F in which j resides. To clarify

the notation that follows i will be replaced by a star when referring to country F

and will be suppressed when referring to country H. (Nominal) Households’ budget

constraints in units of countries H and F currencies are given by:

fe( h)dh+fP (f)df +D},, +DL E, +M/

7

_DI{It 1(1+it71>+DI{',t71(1+itfl)E +MI{It 1+VVtth+PRtj _PtTRtj

D/ .
fP dh+fP f)dh+=25+ Dl + M

t

Dl * i * ok G * i * *-’
= Et (1+It 1)+DF{' 1(1+It 1)+Mt;ll +W,N,” +PR"—FR TR

t

where D{,/t denotes the government debt issued by the government in country H while

it held by consumer j in country H, DH’t denotes the government debt issued by the

government in country H while held by consumer j in country F.

Integrating j yields:

[rnc hWh+fP C.(f)df +D,, +D, E, +M, ain

=Dy (1 + it—l) +Dp ey (1 + it71>Et +M,_, +W,N, +PR, —FTR,

y * * Y * * D* * *
SR ()C (hydh -+ [B ()€ (F)dh+ = +D] M,
0 v t ) (A—1-3)

B Iztil (1+it 1)+ Ft— 1(1+It 1)+M:71+M/t*NF,t+PR:_PT*TR:

t

where super script j is suppressed and

1 ¢t 1 Lé
C,=v°C,S +(1-v)iCs | . (A1-4)

The definition of the CPl in country H is given by:



p=[vP +(1-v)R, ]1 <. (A-1-5)
One of minimization problem for households is given by:

maxC

Hir
Ce(h)

s.t.

€

e-1

and X, — fp h)dh=0.

o=} e

The Lagrangean is given by

1
1\ v, e
=Y [len)

The FONC is given by:

k +)\(xt — [ R (), (h)dh).

v &1 5%1716—1 ey
Jeman C.(h) - = n (h)

ool
oc.(h) (v) e-1
=0
which can be rewritten as:

1

_ [%] l [lem™ dh]sll ¢, (h)
- [%] j; ‘c.(h) = dhf_l ¢, (h) -

1

The definition of C,, can be rewritten as: Cj, [ ] [f C,.(J dj] . Plugging

this into the previous expression yields:



R | =

—| 2| C;.C.(h) - , which is available for h’ as follows:

NS

AP (') = [%] SRR

Combining both of them yields:

ph) _[em]* -

P (h’) = c (h’) , Which can be rewritten as:
[em]

Ct(h>_ Pt<h/) Ct’<h ).

-1 1
1 - £
(2 el A(A) )
2 A v I
1 5%1 v -1 /;1 :
=|> IR C.(n') < dh
= G e
== [ Rh) MV dne () e (n) ¢
v
1 €
1)1 v —(e— -1 €
SRR ”dh} RACORAT
Let define:

1 v e E
PHItEl; [ Ry dh] .

By raising both sides to — ¢ th power, we have:



(AR e
PH’t:[;] [ fo p.(h)' dh] "

Plugging this expression into the previous expression yields:

1 £

1)1 (1) e
CH,t - [_] PH't [_]
1% v

The previous expression can be applicable any good h. Then, we have:

P(h)|
ct(h)zl[ :(h) C,,-(A-1-6)

v B, '
Similarly, we have:

1 (P(f)]
C =—|- C...(A-1-7
=50 6w

L =
1 ) gt el
Note that we assume CHE[ ] f C.(f) < dh and
’ 1—v v

1

L Pl
Bo=ir R ]

Plugging Egs.(A-1-6) and (A-1-7) into fPt(h)Ct(h)dh—l—fPt(f)Ct(f)df yields:



v 1 v P h -
Jte s [ is)c s = [ 50
N P il
) t 1—0 R:,t Fot
= lfpt<h>175 dh PIthHt , (A-1-8)
v 0
1 Y 1-¢ e
NEwe LGN CE

__pl-epe l-epe
- PH,t PH,tCH,t + R‘-’,t PF,tCF,t
= PH,tCH,t + R:,tCF,t

1 1 1-¢
— | R

Now, we get total demand for goods. Optimization problem is given by:

. 1 pv e _
where we use P :—f P.(h) “dh and P! =
’ l/ 0 ’

j
max C, ,

ChoChy

s.t.

Eq.(A-1-4)and X! —(PR, C +P.Cl,)=0.
The Lagrangean is given by

<
(-1 -1

) ]
L=|v*(c),) ¢ Jr(l—v)g(cé',t)CC1 FAX (i +PLCL )

The FONCs is given by:



1 1 N I 1
A i) ) )T e,
1 < S
1 -1 ¢-1| ¢=1 1% -1
=|v(ch,) +(1—u)§(c;'t)T ve(Ch) ¢ =R,
1 ¢-1 1, gi o1
=t (Che) ¢ Ha=w)(ch) | v(Ch) ARy,
11 1
:(Ctj)CV<<C/{/,t) ¢ —=AP,,
1
L)
=v¢ CC/; — AP,
=0
oL ¢ : = L~ giil 1(—-1 S Y
R ve(Ch,) < +(1-v)(c, )< (1-v) : (cl,) A
1 1 1 1 C?EII) 1 ¢1¢
:VQ<CI{H)C +<1_V)E(Cl{,t>< (1_V)E(Cl{'t) ¢ )‘th

1 i¢— 1

1
= zﬁ(c[,,t )7 +(1—u)% (Cé',t)T (1—u)% (cg,t) C— AP,

=

1
1 =1

where we use (Ct’ )E =

1 _ _
v(ch, )<<1 +(1- 1/)% (cZ, )<<1

These previous expressions can be rewritten as:

¢
=P

H,t?

CI

t

J
CH,t

1
v




1
1 i\¢
(1_V)<[CC; ] —)P,.

F,t

Combining these expression yields:

1, 2
[1—V]C Che |t
ity
with S, =Fh. /P,.

Eq.(A-1-5) can be rewritten as:

=5,, (A-1-9)

B = uRLS +(1- )R (A110)

Dividing both sides of the Eq.(A-1-10) by PHl;C yields:

1-¢

2

t

p

H,t

which can be rewritten as:

1-¢

1 |P _

SSt=— || —v(1-v) . (A111)
1-v|h,,

Dividing both sides of the Eq.(A-1-10) by P,El’t‘C yields:

p —(1=0)
[%] ZV5571+<1—V),

t
which can be rewritten as:

55*1 :l{i
v| P

t

~(1¢
(1-¢) 1—y

1%

. (A-1-12)

. 1—v)
Plugging Eq.(A-1-9) C/, :[ V]C’ S~¢ into Eq.(A-1-4) yields:
124

H,t~t
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Plugging Eq.(A-1-11) into the previous expression yields:

e <
1 - ¢—1
. — 1 p .
j_,,¢(-1 t j
C =v +—= -1 C},
v P,_,,t
. <
1 Y [¢-1
—|1| P ;
=v = C/{l,t
v PH,t ,
1 ¢ -
o, el R j
= —| Gy,
PH,t
<
_1[ Pl o
P H,t
v H,t

which can be rewritten as:

—C
C/'

P

4 P
o[ %

t

Integrating the previous expression j yields:

p V¢
C, = u[i ¢/, (A-1-13)
' P

t




1
with ¢ = [ cldj.
0

Plugging Eq.(A-1-9) C}, :[IL]SfC}"t into Eq.(A-1-4) yields:
— UV

: <
-1 -1
. 1 . 1 1
¢/ =1{v* [1;]55%\ +(1-v)(cl,) ¢
v % & 1 E%
G e G R AR (I AL
<

¢ 1 1
v ¢ (1-v) < Sf_1+(1—y)<

<
{ v(1-v) " 57 11— V) }H cl,

.
pa-v) s (1 V)eic,

Plugging Eq.(A-1-12) into the previous expression yields:
¢

_1 1[%]“0_1_” S

C/ =lv(1-v) > +1| (1-v)e1Cl,

vih

1%

¢
~(1-¢) -1
1 (R, gy
= L —1/4+1 (1-v)cac]
1—v P] (A-v)ec,

t

7

1 1| P

< ¢ .
5 et

t
_ 1 (P
1-v| P,

¢
J
CF,t

which can be rewritten as:

—¢
Cf

t

. P
C.‘Jf,t :<1_V)[%

t

Integrating the previous expression j yields:
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<
P
C .= (1—@[% ¢ . (A-1-14)

t

Plugging Egs.(A-1-13) and (A-1-14) into P, .C,, +F C., vyields:

P - P =<
PHrfCH,t +PF,tCF,t = ’DHrty[i ¢ +PF,t (1_1/) = C,
R t
[ pS
= VPl 4 (1-v)PL | PC
Ht Pt ( ) F,t Pt t>t

=[P P H(L-v)PL R RC,

t—t

=R R O +(1—v)R R Re

1~
p Ht

PC,

=V t-t

+ (1—1/)[%]1<

t

t

v 1-v
v+(1-v)s " vS " (1-v)
[V +(1 —y)Stl_CHVSf_l +(1- V)]

PC

t—t

PC

t—t

y[ySffl -I-(l—1/)]+(1—y)[1/+(1—u)5t1’c] pe
S (=) +r(1—0) ST (1—w ) s
1/[1/5571—|—(1—y)]—l—(1—y)[u+(1—V)SIH] c
B V[Sf_l —f—(l—V)]—f—(l—I/)[l/—|—<1—V>St1_c] o
—FC,
Plugging Eqs(A-1-8) and (A-1-15) into Eqs.(A-1-2) and (A-1-3) yields:
PI’CI’ +DH,t +DF,tEt +Mt
. o ’ (A_1_16)
=Dy <1+It—1) +Dp 4 (1+It—1>Et +M, , +W,N, + PR, —FTR,
* ¥ D:I,t * *
’Dt Ct +E_+DF,t +Mt
' L (A-1-17)

D* * ¥ * * * * * *
= IZFl (1+it—1) +Dp g <1+It—1) +M,_, +W, N, +PR, —R TR,

t

D, . .
where Bt:DH,t—i_% and B, =EB.,+8;,.

t
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Dividing both sides of Eq.(A-1-16) and (A-1-1-17) by P; and Pt*yields:

* *

EP P . EP P .y P
Cot Dy + =Dy Ly = 22Dy (L) == D, (1+i )+ _—
t t t t t
w. PR ’
+—LN, +—L—TR,
P P

t t

Y . . P P . P . P
€+ i D+ Dy L =D (1+i,) D (1+i )+ o b

t -t t -t t t t

" . PR . ’
—I__iNt —I__:_TRt
PR
D D . D, . D M . M
with D, =2, D,, =%~ , D,,=—", D, =—*, L =—" and L =—
P P P P P P
Previous expressions can be rewritten as:
EP P P.E E P .
¢, +DH,t +LDF,t +L :t_ilDH,tfl (1+it—l) 4= DF,tfl 141,
R, R P E., R, ( )
P w. PR ’
+ = Lt—l +_tNt +_t_TRH,t
A R R
. P . . . P_E . P . P . . .
Ct +*_tDH t +DF t +Lt - t:1 — til* DH t—1 (1+it—1> —I_t_:]-DF t—1 1+it—1
R E, kh E E_ R, P, ( )
P.. W, . PR .
+-5HL  +—FN, +—E TR,
P P P

. EP . . .
Let define Q, =—-. Then, the previous expression can be rewritten as:
t

. E " _
C,+D,,+QD, +L =D, , (1+It71)+E_tQt71DF,t71 <1+It71)+Lt71 I, '
t—1
w PR '
+—N, +——TR,
R R
* _1 * * * Et*l _1 * . * ok * * 71
C; Q" Dy + Dy L = |2y (L )+ Dy (170 )+ L (T
t
W' . PR .
+_iNt +_X_TR1-
P P

t t
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Et

Plugging 1+it:(1+i:)[%] or 14i =(1+14,)

t

] into the previous expressions
t+1

yields:

G+ DH,t + QrDF,r +1L = [DH,t—l <1 + it71> + QtleF,tfl (1 + itfl) + Ltfl]Hljl

W, PR ’
+?t t : _TRt

t t

€, +Q "Dy, + Dy, +L =[QAD;,  (1+i )+ Dy (147 )+ 4, (1T )
+— W N; +—- PR, —TR
P P

t t

Further, the previous expression can be rewritten as:

Ct+141rit [(144,)D,,, +(1+i,)QD,, +L]+ 1_1+I} L,
=[(1+i,)Dy,, +(1+i,)Q ,Dp, +L I +ﬁt T TR,
@ (1 D ()0 L+

¢ Iy
:[QtllD*H,t1(1—|—i:1>~|—D:'t1(1—|—i:1)+L’;1](H:)1+VF|§* : P: —TR’
Let define A =[(1+i,)D,,, +(1+i,)Q.,D,, , +L I and

A; E[(1+i:71)0:1D:,,t71 +(1+i:71)D;,H +L’;71}(H:)_1. Then, the previous expression

can be rewritten as:

w. PR

C,+——TI, A,  +——L =A +—t t TR, (A-1-18

t 1+ A t+1 t+1 1+/t Pt t ) t ( )

. 1 . . i, W PR .

Gt Moo+ rh = A SENCH 2 TR (A1019)

t t t t

Households’ optimization problem is given by:

max Zﬁtu max Zﬁtu

CerCortNe Aria by Ce Cora N; Ay —0

s.t.
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v, =(u(c, L) -v(N)z., U =[u(c.L)-v(N)|Z

and Egs.(A-1-18) and (A-1-19).
The Lagrangean is given by:

L Eﬁt [U<Ct'Lt>_V(Nt)]Zt +ﬁt+1[U(Ct+1lLt+1)_V(Nt+1)]zt+1 +e

1 i
+\06° —TR, —C,———1II, ,A,,, ——1
)‘rﬁ Pt Pt t t 1+it t+14 441 1+it t
W PR, 1 i
"i_)‘rﬂﬁt+1 t+1 —= Nt+1+ TRt+1_Ct+1_ t42 t+2_L.lLt+1]
t+1 t+1 + t+1 1+It+1
+---
[=3 [U(Ct,Lt) V(N )}z +5t+1[ (ol )~ v(N:H)]szJr...
PR, . 1 v i
+Atﬁ[A+ — N +—L—TR —C ——1II A 1—;_*L]
t Pt t t i t+14 3 e+ 1+ : t
W PR . . 1 . . i
+ o N TR —C ——I A ——HL
/\r+16 t+1 Pt+1 t+1 Pt+1 t+1 t+1 1+it t+24 42 1+it+1 t+1

FONCs are given by:

_5Ucr t 6t)‘t:0'

8
8L . .
8Ct+1 =0 +1Uc,t+1zt+1 - B +1)‘t+1
o
e ¢ Z -+ :
ON, ﬁ( " ) A‘ﬁ P
oL :—ArﬁtLH +ALB7=0
aAH»l 1+, t+1 +1
oL i
—=p'U.z -3 t =0,
oL, FU.2 ﬁ&[uit]
a*
=6'U =0,
s = UL 0N
or ; 1 ¥
ocC’ _6+1 ct+1 t+1_6+1>\t+1:0'
t+1
or o e W
o = (Ve Ja N =

t
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*

8L * At 1 * * t+1
= — 11, + =0,
8At+1 ATB 1+ it t+1 )\F‘rl/g
or A A
—x u. z — __L_; ::Ol
8Lt /6 Lt t 6 >\l‘ [1 + I.t ]

which can be rewritten as:

A =U.,Z, (A-1-20)

/\t+1 = Uc,t+1Zt+1' (A-1-21)
W,

\ —[ k

t

-1

v, .Z,, (A-1-22)

A= BN (144, (A-1-23)

-1

Z., (A-1-24)

t

14

t

A =U

It

A =U.,Z, (A1-25)

*

>\r+1 = U*,t+1z:+1 , (A-1-26)

-1

Z,, (A-1-27)

. A
'& ::Kfi Pt

t

N =N () (144)), (A1-28)

-1

’ ', (A-1-29)

T=U. -
A "f[1+i

t

where )\ and )\ esLlagrange multipliers

Combining Egs.(A-1-20), (A-1-21) and (A-1-23) yields:

U, = B(1+i) LAY, | 2o

c,t+1

. (A-1-30)

t

Combining Egs.(A-1-25) (A-1-26)and (A-1-28)yields:
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*

t+1

* *

U:,r = ﬁ(l + i: ><Ht+1 )71 Ucein

. (A-1-31)

t

Combing Eqgs.(A-1-20) and (A-1-22) yields:

WV,
?f:i. (A-1-32)

t ot

Combing Eqgs.(A-1-25) and (A-1-27) yields:

*

V.
We _vi (a1-33)

P

t ot

Combing Eqgs.(A-1-20) and (A-1-24) yields:

U .
e It (a1-34)
Uc,t

14
Combing Eqgs.(A-1-20) and (A-1-24) yields:

t

oK

Ul*t !
e (A-1-35)
(V) 1+

ot Iy

Combing Eqgs.(A-1-30) and (A-1-31) yields:

ﬁ_ 1+i, H:+1 )‘r+1

= - —. (A-1-36)
AN oy A 1 P N

1.2 LOOP and PPP

We assume the law of one price as follows:

P (h)=EFR (h),
P(f)=EFR(f).

1
1 v O -
Plugging the previous expressions into PHtEl—f Pt(h)1 dh] and
. L Jo

1

1 e e
PF’tEL——wI; P(f) df] yields:
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14
1

— L [Pt () an|

14 0 ’

1
_Et 1 I/Pt* (h)17€ dh]l
VYo

= E[‘P/'T,[‘

*

Plugging P,,=E,P,, and P,=EP, into Eq.(A-1-5) P,

tFt t

yields:

k= [V(Etp.‘:,t )17( + (1 - V)(EtR‘:,t )17(}174

=EFP
That is, given the LOOP and the structure of preferences, purchasing

power parity (PPP) i.e.,
P =EFP,

t t't

holds. Plugging the PPP into the definition of the real exchange rate:
Q =1.(A-1-37)
Plugging the PPP into Eq.(A-1-36) yields:

17

1

= [VP;;C +(1- V)PFl;C ]H



NN
<1+it)>‘t+1 :<1+it> t+1 )‘t4:1 )
A E. A
which is applicable even in period -1 as follows:
Itig b B A
1+i:71 >‘71 E—l )\il

Let assume complete financial market. Then:

A
where we assume —:=1.

—1

Previous expression is applicable for all t so that:

A\ =\ . (A-1-38)

Then, Eq.(A-1-36) can be rewritten as:

1+it:<1+i:)Egl,
t

which is the UIP.

1.4 Domestic Producers
Production function is given by:

Y, =AN,, (A-1-39)

Y =A(N) . (r1-40)

[%] [ (h) = dh

Maximization problem for producers is given by:

€

! and Y;‘E[[ ! ]fln(f)ildh]”.

Let define Y, =
1-v

maxY,,
(h)

s.t.

e—

[%]foyt (h) = dh -

The Lagrangean is given by

v = and X, — [ 'R (h)Y,(h)dh=0.

18




=B w07 ] af o).

The FONC is given by:

_[1]51 €
v e—1

=0

which can be rewritten as:

h):[%];ll I Y.(h) = dh]gllYt(h)i.

The definition of Y, , can be rewritten as: tf[ ] [f Y dj] . Plugging this

into the previous expression yields:

, Which is available for h’" as follows:

()= (2w

Combining both of them vyields:

i (h) _|X (h) ) , Which can be rewritten as:
A(H) [Y(h)

PO | iy
hB)= | M)

Plugging the previous expression into the definition of C,, yields:
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B elem)
el
1 % v e—1 1
aF IR () o)
= U § e
== | [ R (n) M ane (h) Y, (1) -
14
1)1 v e— 5% e
== RN 1>dh} NAURRAUY
Notice that:

=[] oo

Plugging this expression into the previous expression yields:

)/t B [_] PH‘; [_]
v v

=P P (h) Y, (h)

Ht't

R() Y (h)

The previous expression can be applicable any good h. Then, we have:

H,t

Y, (h)= [M]_E Y,.(A-1-6)

Combining both of them with the definitions of the PPl indices yields:

Y. (h)= Pf(h)] Yo (A-1-41)
Yt(f)zM Y, . (A-1-42)

Now we consider firms’ maximization problem following Gali (2015). The firms’

maximization problem is given by:

maxxek{ tt+k[P ]
t+k

P
H.t k=0

~H th+k|t Ct+k (YtJrk|t)] ’
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—&

_ P P
with Y, = [L Yoo and A, = Qt,t+k[ e
H,t+k P[‘

:”B[At

discount factor where Q. ..,

off one unit of currency H(Q, .., =

e

PH it

1 R F~) —€ ﬁ —€
max +9At,t+1[P ] H,t[ H't] Yt+1_Ct+1 [L] Yt+1

1 ~ ﬁ —£& ﬁ —£
+92AM[ ]Pm Y, Cm[ ] Yoo ||+
Pt+2 PH,t+2 PH,t+2

The FONC for firms is given by:

tlt Hit't

1 D—<pE n p—<c—1pe
Atlt[F][(l—e)PH,tPHrth—MC (—&)Py; 'PyLY.]

t

1 P—¢pE n p—<—1pe
+€At,t+1 [P_][<1 - 8) H,; P/-;,t+1Yt+1 - Mct+1|t (_g)PH,t 1PH,t+1Yt+1]

t+1

t+2

1 P—¢pE n p—<c—1pe
+02At,t+2 [P_][<1_€)PH,t H,t+2Yt+2 _MCt+2|t(_5)PH,t ' H,t+2Yt+2

which can be rewritten as:

1 ~ ﬁ —€ ﬁ —€
At,t [_] PH,t [i] Yt _LMC{L i] Yt
Pt PH,t e—1 PH,t
1 |« P, N € P, N
+9At t+1[ ] P/—/ t[ = ] Yt+1 _—Mctnﬂu L] Yt+1
Pt+1 PH,t+1 e—1 PH,t+1
1 ~ ﬁ —€ F~) —€
+02At,t+2[ ] PH,t - ] Yt+2 —LMCLZ“ L] Yt+2 +e
Pr+2 PH,t+2 e—1 H,t+2

with MC!

t+k

currency H.
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denotes the price of a one period discount bond paying

1 ) . .
F ). The previous expression can be rewritten as :

n e = Co (Yt+k|t> being the nominal marginal cost in country H in units of



By using the definition Y, E[PL] .« » the previous expression can be rewritten
H,t+k

as:

A P, Y, ———MC.Y, 1

tt Hilee — e 1 tlt " tit

1
R

1
3 ]

t+1

P,.Y, —Mmc! Y,

Ht 1t t+1t ' 1)t
e—1

4+...=0

Hitlt+21t t+2t " t4-2t

1
+0° At t+2 [Pt+z

P.Y —MC"._.Y
e—1

which can be rewritten as:

‘/Xl‘i'[l
a4y

t

Y,

tlt

[ﬁH,t — 1lwc:|t]

1 ~ € n
+9At g4+l [ ]Yt+1|t [PH,t - Mct+1|t]
Py e-1

1 o n
+67 At t+2 [ ]Yt+2|t [PH,t MCt+2lt] +---=0
R e—1

The previous expression can be compact expression as:

= 1 ~ €
ZekEt At,t+k [P_]Yt+k|t [PH,t _;Mctﬂqt] 0. (A 1- 43)
k=0 t+k
Similarly, the following is applied in country F:
& k 1 * ~x g n,*
29 E, At,t+k PT Yt+k|t PF,t _;Mcwkn =0.
k=0 t+k
Nominal marginal cost is given by:
w,
MCtn+k|t = —
MPNt+k|t
oY, oY,
with MPN,,, =— and MPN,,, =—
t+k t4k|t

P, A
Plugging the definition of the real discount factorA,,,, =Q,,., [‘P%k] = [Lk] into
t

Eq.(A-1-43) yields:
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S (05) 0.

k=0

k )\I k 1 ~ e n
Et [ - ][ ]Yt+k|t [PHt - MCt+k|r]
)‘r Pr+k e—1

By multiplying Uc,: both sides of the previous expression yields:

[e%e] )\t ~ e
Z = Yt+k|t PH,t - MCtn+k|t =0,

k:() t+k 8 - 1
which can be rewritten as:

< 9 k >\r+k PH,t € Mct+k|r LEET |

Z( ﬁ) Er Yt+k|t - — Y-

k=0 tk Piew €—1 B Biia

MCtn+k|t PH t-+k . .
Let define MC, ,, = and II,, .., =———.Then, the previous expression can
H,t+k H,t—1

be rewritten as:

< >‘r k 'BH,t €

Z [ - t+k|r - MCt+k|tHH,t71,t+k =0.

k=0 PtJrk PH,t*l g— 1

Let define X, , =—"—. Then the previous expression can be rewritten as:
H,t—1

- k P . ~ IS
Z(Qﬁ) {)\f+kyt+klt M[XH,t _;HH,t—l,t+kMCt+k|t]} =0.

k=0

Note that P, , is multiplied on both sides of the previous expression. The previous

expression can be rewritten as:

which can be rewritten as:

\Y, iPHt 1y e P
tt Pt P, H,t lthl tit
P,y Poo Pl e P, P
+96}\t+lyt+1|t Hit+1 "Ht "Hit-1 XH,t_ Hit+1l "Hit MCt+1|t
'Dt+1 PH,t+1 PH,t e—1 PH,t PH,tfl ’

R P P.. B [ € PHt+2 PHt+1 P,
Ht

0 Ht+2 "Hjt+1 H,t H,t—1 X
(ﬂ) >‘t+2 t+2|t P P P P c— 1PHt+1 P PHt 1

t+2 H,jt+2 " H,t+1 H,t

4..=0

which can be rewritten as:
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-1 11 ¢ g
>\th|tgH (St) HH,lt [XH,t _;HH,tMcﬂt]

-1 . _ ~ g
+9/8)‘r+lyt+1|tgH <5r+1) HH,11*+1HH,1t {XH,t - ZHH,t+1HH,tMCt+1lt

~ ’

XH t
1 !
(08 AsoYoiaGn (Sea) b ILE A TLE | o
_—HH,t+2HH,t+1HH,tMCt+2|t
e—1
4...=0
dg,(S
with gH(St)Ei and M> 0.
P, oS,

Similarly, we have:
* %k -1 * 1| ~« IS « «
NYag: (S) (I ) | X — e MGy,
* * * -1 * -1 ¥ -1 ~« £ « N N
—Hgﬂ/\”lyt“'ng (Sf“) (HFIH) (HF't) X _;HF,t+1HF,tMCt+1It

*

X

F,t
+ 0 2 | * Y* * S —1 H* -1 H* —1 H* -1
<5> A t+2|tgF< t+2) < F,t+2) < F,t+1) ( F,t) —€i1H:,t+2H;,t+1H;'tMC:+Z|t
+ee=0
with X, = Iz“ ) g;(St)EPi and 6gF(St><O.
PF,tfl 'DF,t 8Sf

The previous expression can be rewritten as:
—-v1T1-1y € —v
)‘tYH,tltSt HH,tXH,t - c_1 )\thItSt MCtIt

+05}‘t+1Yt+1|t5t_+V1H;,lt+1H;,lt)~(H,t

t+1)t 2t +1 1)t

< O8NV, S MC

2 —v — — —1 v
+(06) )\t+2Yt+2|t5t+2HH,lt+2HH,lt+1HH,];XH,t

9 2 —
e—1 (06) )‘r+2Yt+2|tSt+2MCt+2|t

4+...=0

By moving the terms related to the marginal cost to the RHS yields:
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flng< )
+9ﬂ/\z+1 Ht+1|tgH< 1) HH t+1H X

(eﬁ) >\f+2 H t+2|tgH ( t+2> HH t+2HH t+1H X
_I_

)‘z tltgH< ) 1MCH,t|t

(Sf+1 )71 MCH,t+1|t

6 _
(0ﬁ>2 >\t+2YH,t+2|tgH (St+2) ' MCH,t+2|r
-1

which can be simplified as follows:

ALYy Gy (S ) I, ;
XHt +0ﬂ/\t+1 t+1|tgH( t+1) HHt+1H p

(06> /\t+2 t+2|tgH( t+2> HHt+2HH t+1H +-
1

AY, |tgH< ) MC,,
g -1
) +08N 1109k (St+1> MC, 4,

2
+<96> /\t+2Yt+2|rgH (St+2> MCt+2It +-

Then, we have:

00 k
XHtZ t+k +k|tgH( t+k) 1HHHt+h 4

k=0 h=0

9 1

= Z(@ﬂ) /\t+kYt+kItgH ( t+k> MCt+k|t
e-1'=

or:

-1

5_12 Qﬁ /\t+k t+kit I <St+k> MC, 4 - (A-1-44)
k=

Z(Qﬁ) ik t+k|tgH( t+k) 1HHH t+h

k=0 h=0

<
Il

Similarly, we have:

8 o0
Z Hﬁ )\t+k t+k|tgF (SM() Y t+k|t (A-1-45)
o e—1'=
XF,t =" = T
Z(@ﬁ) )‘t+k t+k|tgF( Hk) HHHM
k=0 0
Plugging
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w.
Mctn+k|t = MP;\;rk

t+k|t

Y,
ON

k|t

-1

= Wik

=Wk [(1 - a)A N, 5 ]_1

k! VKt
W,

t+k «a

m t+klt

t+k

into the definition of the marginal cost yields:
w,
MC,,, = Lk N;,, . (A-1-46)
o PH,t+k (1 - a)At+k v

Similarly, we have:

. w’ .
MC.,, =— tik N . (A-1-47
e PF,t+k (1_Q>At+k < t+k) ( )

1.5 Market Clearing Condition
The market clearing condition is given by:
Yt<j):Ct<-j)+Gt (j>'

where G, (j) denotes the government purchase for the good produced by firm j,
respectively.

[%]j;y@t(h)gsldh [1iy]j;16:(f):1dhrl-

The, by solving the maximization problems, we have:

€
e-1

and G, =

Let define G, =

G,(h)= pr<h> G,, (A-1-48)
G, (f)= Pfgf ) G, . (A-1-49)

Plugging Eqgs. (A-1-6), (A-1-13), (A-1-41) and (A-1-48) into the market clearing condition
yields:
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— —€ —C —€
P
PH,t v PH,t Pt PH,t
e - —e ’
P
SULIYLAELILIE
PH,t Pt PH,t

which can be rewritten as:

y:i
SR

Plugging Eqgs. (A-1-7), (A-1-14), (A-1-41) and (A-1-49) into the market clearing condition
yields:

M]_E yt* — L

P 1—v

F,t

—
¢ +G,. (A-1-50)

P

F,t

M]_IH)[& *

which can be rewritten as:

y*:i
CoR

1.6 Government Budget Constraint

—C
¢ +G, . (A-1-51)

The government budget constraints is given by:

P,.G. +B_ (1+i_,)=PTR,, +B +AM,, (A-1-52)
Ft=t

PG, +B ,(1+i ,)=FTR +B +AM;, (A-1-53)

Dividing both side of Egs.(A-1-52) and (A-1-53) by Prand P, yields:

AI\/I

P
LG, +B,, (140, ) PP

t t t

*

AM

LLG + B, (140 1)PP** =TR

t t t

P
Let define the (ex-post) real (consumption) interest rate th(1+it)—f and
t+1

R =(1+1;) Pi*

t+1

27



P AM,
LG, +B, ;R ,=TR, +B, +—=, (A-1-54)
P

t t

*

P* * * * AM
LLG, +B, R ,=TR +B, +—*+. (A-1-55)
P P

t t
The level of seignorage, expressed as a fraction of steady state output can be
approximated as:
AM,1 AM, M, P 1
P Y P M_P 7
_AM, M,_ P, 1 (A1-56)
P Y

t—1 t

Mtfl
_AMP,, 1
M_, Py

AM 1 AM P .. 1
L—=—"tt1p =, (A-1-57)
P Y M 1%

t—1

P

t—1 t

Quantity theory of money implies as follows:
MV =PY,

which can be rewritten as:

vi=—
1%

Plugging the previous expression into Eqgs.(A-1-56) yields:
AM, 1
Y

i—XAm (A-1-59)

m, , (A-1-58)

A
P

t

with Yy =V being the inverse of income velocity of money. Note that Eq.(A-1-58)
X

ignore changes in the inflation and the deviation of the real money balance from its
steady state.
If we do not ignore them, we have:

AM,1_AM.F,, 1
Y M, R TY
o[ M s £
M_ | "t Ly
M, | oL,
:Xln t t—lt_
M, , L
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1.7 Trade Balance

Similar to Gali and Monaceli (2005, RES), We define the real trade balance as follows:

NX
L=Y,—g(S,)C, —G,, (A-1-60)
H,t
NX * * * *
=Y, —g (S,)C, —G, (A-1-61)
=
NX, = —E,NX,
with g(S,)= i and g:(St)Ei.
PH,t PF,t

2 The Steady State

We focus on equilibria where the state variables follow paths that are close to a
deterministic stationary equilibrium, in which II,=1, AM,,=AM,,=0 and
TR,,=TR.,=TR.Further, weassume A, , =A,,=1 and G,, =G, ,=0.
Egs.(A-1-30) and (A-1-14) implies as follows:

e

14

1
=—=, (A-2-1)
1+

1
1+p
which implies E, =E.

The PPP implies:

Q=1.
Egs.(A-1-32) and (A-1-33) implies that:
W_Y (a2
P U,
wv
—=—. (A-2-3)
P U,

Egs.(A-1-34) and (A-1-35) implies as follows:
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=[p, (A-2-4)

= Bp . (A-2-5)

< |\c* o |\c

Egs.(2-4) and (2-5) imply U,=U, so that:
L=L.
Egs.(A-1-44) and (A-1-45) implies:

%1[1+ 08 +(05) —l—---H(Uc’l)_l}Yg(S)_l MC

1+03+(08) +---H(U§1)71]Yg(s)*l

——° mc
e—1

< 1[1+9ﬂ—|—(9ﬁ)2 _|_...H<UC—1)—1}Y*Q* (S)_lMC*

T [1+96+(6)6)2+---H(Ut__‘l)fl}y*g*(s)*1

’

__¢ MC
e—1

which implies:

Mc=mc ==Lt (a-2-6)
€
Egs.(A-1-46) and (A-1-47) implies:
M71 — W Na
P,(1-a)

w o\
)
F1-a)
Plugging Eqgs.(A-2-2) and (A-2-3) into the previous expression yields:
LV, PN

U P 1-«
. (A-2-7)

P()

UP1

Egs.(A-1-50) and (A-1-51) imply:

P [Y]c
—=|—1, (A-2-8)
P, \C
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¢
. (A-2-9)

*

p

i

F

Plugging Eqgs.(A-2-8) and (A-2-9) into Eq.(A-2-7) yields:

1
M-t _ﬁ[y]c N®

U

c

C

1-«

: (v

11—«

. (A-2-10)
Y*

C

V*

n

*

U

c

Egs.(A-1-39) and (A-1-40) yields:
Y =N", (A-2-11)

V'=(N)" (a-2-12)

Plugging Eqgs.(A-2-11) and (A-2-12) yields:

Tta(C-1) Tta(C-1)
which implies V, N, ¢ =V, N, ¢ becauseof C=C" (A=\").Thatis:
N=N".
Plugging the previous expression into Eq.(A-2-11) and (A-2-12) yields:
Y=Y".(A-2-13)
Then, Egs.(A-1-2-11) and (A-1-2-12) boils down to:
y=N",
Plugging Eq.(A-2-13) into Egs.(A-2-8) and (A-2-9) yields:

1
Yy P P
—| =—=—, (A-2-14)
C W P

which implies P, =PF.. Thatis:
S=1.
Eq.(A-1-5) implies:

31



1
P=[vPy  +(1—v)P it

S PRNCI) =
=P,

which implies:

P=P,=P..

Plugging the previous expression into Eq.(A-2-14) yields:

Y=C.

Egs.(A-1-54) and (A-1-55) implies:

B,p=TR,

B;p=TR,

which imply:

B,=B,=B.

As mentioned, Egs.(A-1-46) and (A-1-47) implies:

M= W e

P,(1—a)

— W*
 RE(1-a)

. (A-2-15)

@

where we use N=N". Eq.(A-2-15) implies:
W=Ew",

because of B, =P. =P.

Finally, Eq.(A-2-10) implies:

Va

Yo o122 (a2-16)
U N

c

3 Log-linearization of the Model

3.1 Log-linearizing Some Entities

Taking logarithm Eq.(A-1-5) yields:

p,=vp,, +(1-v)p,,, (A-3-1)

with p, =logP,, p,,=logh,, and p,, =logh,

Subtracting one-period delayed equality of Eq.(A-3-1) from Eq.(A-3-1) itself yields:
T, =vm,, +(1—-v)7,,, (A-3-2):

with:
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m, =logll,,

Toe =Py —Puesr (A-3-3): D,

Tee =Pry —Pre s (A-3-4): m,,
Taking logarithm Eq.(A-1-37) yields:

p.=e, +p;,

with p, =logP" and e, =logkE,.

Subtracting one-period delayed equality of the previous expression from the previous
expression itself yields:

*

T, =e —e,_, +m,,(A3-5):

with 7, =p, —p, ;.
The LOOP can be log-linearized as follows:

Pr: =€ +p:,t . (A-3-6): ﬁF,t

with p;, =logF,,
Subtracting one-period delayed equality of Eq.(A-3-6) from Eq.(A-3-6) itself yields:

.
ey =€ — €1 T,

with ﬂ—:,t :ﬁ:,t _ﬁ:,t—l' (A-3-7): ﬁ:t

Taking logarithm the definition of the TOT yields:
S; =Pre — Py, - (A-3-8): s,
Log-linearizing the UIP yields:

fr :ii’* te.1 &, (A-3-9): e,

. 1+
with i, :Iog[ll—lt
p

Nx 1 A
and |, :Iog[lilf].
p

3.2 Log-linearizing the Market Clearing Condition

Subtracting p,, from both sides of Eq.(A-3-1) yields:
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P: — Py, :_(1_V>pH,t +(1_V>pF,t

:(1_1/)5 . (A-3-10)

Subtracting p,, from both sides of Eq.(A-3-1) yields:
P, _pF,t = VpH,t - VpF,t

=—VSs

. (A-3-11)

t

Total derivative of Eq.(A-1-50) is given by:

dP
dY, =(—()|—2~ +P,(—1)P*dP,|+dC" +dG,
dP P
=— I_j’j"‘ +§%+dctw +dG,,

By dividing both sides of previous expression by Y, =C, we have:

}I}t = _CﬁH,t +<ﬁt +61‘*/V +éH,t'

with y,, =log

Yool c . G
—=|, ¢, =log|—-| and g, =log|—L]|.
Y ] ‘ g[cW 9. =108y

H

Plugging Eq.(A-3-10) into the previous expression yields:
Y :C(l_y>5t +6¥V +ét' (yt)

which is (logarithmic) market clearing in country H.
Total derivative of Eq.(A-1-51) is given by:

*

1 .
dy, =(—=() Fdaﬁe(—l)P*Zde +dc" +dG,

t

dP, .
P“ + C% +dc/’ +dG;

F

—=

By dividing both sides of previous expression by Y =C, we have:
9: :_Cﬁ,r,t +<ﬁt +61‘*/V +§:l

*

" d g =log S | wh
> an = " whnere
Y ' Y

*

with . =log

Plugging Eq.(A-3-11) into the previous expression yields:

v, =—Cus, +¢ +34,, (V)
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which is (logarithmic) market clearing in country F.

Subtracting (logarithmic) market clearing in country F from (logarithmic) market clearing

in country H yields:
1., .~ 1

S :Z<yt -V >_Z

Combining (logarithmic) market clearing in country F from (logarithmic) market clearing

(6. —6;). (A-3-12)
in country H yields:
vy, +(1—v)y, =vé, +(1—v)& +vg, +(1—v)§, . (A-3-13)

3.3 Log-linearizing Euler Equation

Total derivative of Eq.(A-1-30) is given by:

dUC,t = cﬁd(l T+l ) +Uc ( )dHt+1 +dU, U Az, —Udz, .
Zi'+1
Uee 6(1 T )Ht+1UC,t+1 7
t
Note that 3=(1+p) . Thus:
d(l + rH,t)
dUC,t =U, ﬁ +U ( )dHt+1 +dU, U Az, —UdZ,.

Dividing both sides of the previous expression by U, yields:

du

Ct

d(1+r, du,
= ( Hlt) - dHt+1 = dZt+1 - er ’
U, 14p U,

which can be rewritten as:

U, 1+r U
lo =lo | —logll,,, +log|—“**|+logZ,,, —logZ,.
g[ U, ] g[ 1+p ] gllia g[ U, 841 g

. - U Z,,
Let define @EIog[ U“] and pt——log[ -

] Then, the previous expression can be
C t

rewritten as:

gt = £t+1 —|—le1, — T — ﬁt, (A-3-15)
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which is a class of log-linearized Euler equation.
Total derivative of Eq.(A-1-31) is given by:

d(1+i) .
C =Uf—— UL, +dU,., +UldZ,,, —UldZ

t+1 c,t+1 i’+1 t*
1+p

*

t+1

*

U, =81+ (M0 ) Ui

. (A-1-31)

t

Dividing both sides of the previous expression by U, yields:

ft* :£I*+1 +it* _7T:+1 pr (A-3-16)

3.4 Log-linearizing Marginal Utility of Consumption

Marginal utility of consumption can be rewritten as:
-1
Uc,t = Ul,t =

c,t

. (A-3-17)

Total derivative of Eq.(3-12) is given by:

-1 -2
u u 1 ou
au_, =1U,|—=| +U,(-1)|L| |=U, +U (-1 U ==|1d
c,t | /] UC /( ) UC UC I I( ) aL Lt
U\ u,) [ 1 aU
U= +U (1)L [ —U, +U (-1 U2 =—=|tdC
{ I UC /( > UC UC I /< ) ac t
uY 1. dL U uV(u . uu dc
:U,Z Zc _ZUdL_t+ U,—<C—-U,|== e 2L Zee || 2=
U U L U, U U u. U, C
L dc
=U, Ld—+ Ye —yc—u, Ye ¢ Yee || 9
L U u U ¢
Dividing both sides of the previous expression by Uc yields:
du
Ct — —d Ucl LdL + Ulc C_ﬁc_*_ cc C dC
UC Uc L U/ Ul c

Uy, db UG
U L U C

c c

a~

& =l —oé,, (A-3-18)
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Similarly:

s

& =ul’ —o& . (A-3-19)

3.5 Deriving the FONC for Domestic Producers
Total derivative of Eq.(A-1-44) yields:

_ 1{dMC,, +0BdMC,
dX,,, = [1+96+(05) I
e (Qﬂ) dMCt+2|t +--
g
+€_1(MC){C’HH; +eﬁdHH,t+l (05) Ht+2 }

. Then, the previous

Note that 1+95+(95)2+---:ﬁ and Mc=°
— g

expression can be rewritten as:

Ct+2|t 4+
mcC !

+dIL,, +05dE, (TT,,,,,)+ (05) dE, (TT,,,)+

dX, ., =(1-69)

[dMC 65 t+1|t (Hﬁ)

which can be rewritten as:
ISHt Py (1 95)[mctlt+96mct+llt+(96) mceior + -+ }

+

Ty T ‘967TH,t+1 + <‘96> Tyra T }

— mcC
with mcene =log [ﬂ]

8—1]
—

Previous expression can be rewritten as:

=mc,,,, —mc ) mc, =logMC, and

mc =logMC = —Iog[

p “Pria <1 Gﬁ)[mcut +05mct+1|t —{—(Hﬁ) mct+2|t +.. }

+

P = P +08(Prcs = P )+ (08) (Procsa = sy )+
=(1-6p)
+(1-08)p +08(108)py s +(08) (1=08)Pysz ++| = Pie
= (1-08)(mCu +py, )+ 03(1— 08) (MCcise + Py

+(08)" (1= 08)(MCesar + Pz )+ Pue s

. (A-3-20)

r/n\cnt + Qﬁr/n\ctﬂlt + (95)2 r/n\ct+z|r 4. }

Note that:
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—

MCeskie + Py ek = MCpiige T Prpie — logMC

=mc/ . —logMC

t+k|t

-1
3
= mchlt IOg [;] . (A-3-21)

=mc;, +Iog[€i1]
=MC/ g+ 1
Plugging Eq.(A-3-21) into Eq.(A-3-20) yields:
Boy —Pugs =(1—08)(mcy, + )+ 08(1—08)(mcl y, + 1)
+(08) (1=08) (Mg + 1)+ Py :
= (1=08)|mcf, +08mc], +(08) Ml +++-| = Py
+(1-08)[1+05+(08) ++-|
= (1= 08 mef, +08me], +(08) My +++] =Py, s

which can be rewritten as:

Ht:M—'—(l_eﬁ)Z(eﬁ) mct+k|t (A-3-22)

k=0
(Corresponding to Eq.11 in Chap. 3, Gali, 2015)
Eq.(A-3-20) can be rewritten as:

p “Puia <1 eﬁ)[mctlt +Hﬁmct+1|t -f—(@ﬁ) mcm“ +-. }

+

P = P +08(Pris = P )+ (08) (Procsa = Pusea) -
=(1-05)
+(1=08)py +08(1=08)p 11 +(08) (1=08)pys +++-| = e s
= (1-08)(mcw + by, ) +05(1—08)(mCeiae + ..,

+(O8) (1= 08)(mCesa + Py )+ Pue s

r/n\cnt + Qﬁr/n\ctﬂlt + (95)2 r/n\ct+z|r 4. }

Eq.(A-3-20) can be rewritten as:

p th = 1 eﬁ Z Hﬂ mCt+k|t +Z eﬁ Ht+k . (A'3'23)
k=0

Eq.(A-3-23) can be rewritten as:

Bus — Puss = (1—08)mee +7,, +(1-05)>_(658) mwwz 06)r,,,, - (A3-24)
k=1
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Forwarding Eq.(A-3-24) one period yields:

I - 95 (8 me + Z 08) T

Multiplying 05 on the both sides of the previous expression yields:
0B(Byyers —Puy ) =(1—08 2 08) mceu +Z 03) Ty on”

Plugging the previous expression into Eq.(A-3-24) yields:

Bus —Pues=08(Pyrrs—Puy )+ (1—08)mcu +,, . (A-3-25)

Calvo-pricing’s transitory equation is given by:

1
P =0R) 5 +(1-0)Ry 7 [
Log-linearizing the previous expression around the steady state yields:
Py = HpH,tfl + (1 - e)ﬁH,t .

Subtracting ps:-1 from the both sides of the previous expression yields:

=(1-0)(Py, — Py, ). (A-3-26)

Plugging Eq.(A-3-26) into Eq.(A-3-25) yields:

1 1 —
mﬂ-f'/,t = eﬂmﬂ'H’HI + (1 —Gﬁ)mcH,m +7TH,t ’
which can be rewritten as:

0 1

T g e =08 g men (1—08)mcusr .

Multiplying both sides of the previous expression by # yields:

(1-68)(1-0) ~

The = ﬁﬂ-H,H»l + 0 mci: .

Let assume Y,

ke — =A,, N, . Then, the (nominal) marginal cost for an individual firm

t4kit *

that last set its price is given by:
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. ON,
MCt+k|t: t+kﬁ

t+k|t

=W., MPN.}

t+k tk[t
-1

—W 9 Yok
- t+k
ON

t+k|t

OA N7 |

t+k" Ttk
=W, | ——

t+k aN

t+klt

., (1-0) AN,

'tk Ve kit

Note that the (nominal) average marginal cost is given by:

Mcn W aNH,t+k

Hittk — Wtk )
Y
Ht+k

oy,

H,t+k

ON

H,t+k
=w,,.|1-a)a, N
=Wtk Q) AtV ek

Total derivative of the (nominal) marginal cost for an individual firm that last set its price
is given by:

=W,

H,t+k

n Na —a]? —a—
dMCt+kIt :Edvvwk —|—W<—1>[(1—O{>N ] (1—0{)(—0{)N 1dNt+kIt
_ WN® W, 1 (1-a)aN"™ dN,
l-a W (1—04)N7‘1 (1—04)N7a N

t+k|t

WN()( dM/t+k W « dN
= —l— (0%
l-a W -« N

Dividing both sides of the previous expression by MC" vyields:
dMC; _1—a|WN" dW,,, N WN* adNH—kIt

mc" WN*|l—a W l1-a N

_ dVVt+k +adNt+kIt
w N

which can be rewritten as:

mctn+k|t =W, + aﬁt+k|r . (A_3_27)

Log-linearization of the average (log) marginal cost is given by:

n

mct+k - WtJrk + aﬁt+k . (A'3‘28)
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Subtracting Eq.(A-3-28) from Eq.(A-3-27) yields:
mCH—klt mc:+k = a<ﬁt+k|t _ﬁt+k) ’

which can be rewritten as:

mCH—klt - mctn—o—k +a<nt+klt _nt+k> .
Plugging the logarithmic production function y, . =a.,+(1—a)n,,, and
Veik =00 +(1—a)n,,, into the previous expression yields:
n n a n ~
mct+k|t — mct+k + 1_a (yt+k|t _yt+k> .

ﬁ —&
Plugging logarithmic demand function of Yt+k|t—[L] Y., Wwhich is given by

H,t+k

9r+k|r = —5(;3,” —pH,t+k)+ V... into the previous expression yields:

Qg /.
mct+k|t =mc/, — m<pH't - PHHk) . (A-3-29)

Plugging Eq.(A-3-29) into Eq.(A-3-22) yields:

Buw =1+ (1-08)>(69)
k=0

— (B — P
t+k 1—a H,t H,t+k
—. o€ aE .
1 eﬁ [ t+k —pH,t+k] _—pH,t
k:O l-« l-«

which can be rewritten as:

l-a)tae . - " Q€
% =p+(1— eﬁ);(eg)k mct+k+Eprf+k]
> Qe
+(1—95)Z<95)k Pritrk — Hesk +mpHm+k) ’
k=0 -
00 l—a)+ac
+(1-093309f |-+ P05,
k=0 -
o l—-a)+ae
1 06 Z N_ka +me+k
prs 11—«

where we use the definition of the (log) desired markup s, E—(mct" —let> which is

(log) inverse of the real marginal cost.
Let define i, =p, —p being the deviation between the average and desired marginal
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cost. Plugging the definition into the previous expression yields:

o0

-« ~ |.(A-3-30)
1 9 R
th B kZ:; pH,t+k (1—&)—{—&6 Mk

l1-a
(1-a)+ae
Eq.(A-3-30) can be rewritten as:

with =

p TP = 1 05 Z <pH,t+k - Gl&wk > Py
k=0

=(1-6p8)

Py, + eﬁpmﬂ + (96)2 Phpia } — P

(08)" O,

NGERE

—(1- eﬁ)

=~
Il

0

= —Pys-s + P + 0001 +(08) Pz -+

—08

Py + eﬁp/-/ 41 + (‘96>2 Py 12 T+
—(1-08)(08) Oj,,
k=0
=Py =Pyt + 96<pH,t+1 Py, ) + (95)2 <pH,t+2 - pH,t+1)
+(95)3 <pH 143~ Pn t+2)+"'

—(1- 95) (95) Ofl, , (A-3-31)

=0

=Tt + GBWH,tH + (0/6)2 Thtr2 (‘96> Tyesz T

—~(1-09)>_(03) O,

k=0

Z 96 Ttk — 1 0o Z 05 ®/’Lt+k
e

=0
Forwarding Eq.(A-3-31) one period yields:
ﬁH,t+1 TP = Ty + Q/BWH 42 + (eﬁ)z Th 43 (Qﬁ) Ty t+4
_<1 B 6ﬂ> :U’t+1 +95/‘Lt+2 ( ﬂ) :& (95)3 ﬁt+4 ]

(1— Qﬁ
eﬂk 1(95) hark ;

Multiplying 63 on the both sides of the previous expression yields:

95(@-{14—1 Py ) = f: Ty ek — 1 05)i<95)k @:&Hk '

k=1 k=1
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Plugging the previous expression into Eq.(A-3-31) yields:

~ 2

Py = Puea =Ty, + eﬁﬂ-H,tJrl +<9ﬁ) Ty t12 ((9ﬁ> sz T
—~(1-08)|©fi, + 080, +(08) i, + (%)3 s

=y —(1-08)01, + 3 (08) s —(1-08)S (08) O,
k=1

k=1
=The — (1 - eﬁ)@ﬁr + eﬁ(ﬁ/-/,rﬂ Py )
Plugging Eq.(A-3-26) into the previous expression yields:

1 R 1
g e = Thx —(1-08)64i, OB e
which can be rewritten as:

1-6
The = 3 —(1-608)04, +0B 9 T et

Then, we have:
Ty = ﬁﬂ-H,t+1 - Kjﬁt , (A'3_32) (7TH,t )

with KEG_LZO_H)@.

Similar to Eq.(A-3-32), we have:

Tre = BTpein — Rl o (A-3-33) ()
with [, =p, —p and . i, E—<mc:f’t —p:lt),

3.6 Log-linearization of Intra-temporal Optimality Condition

Dividing both sides of Eq.(A-1-32) by P:/Py,: yields:
W, V. P
CU,PR,

P

H,t

Plugging the previous expression into Eq.(A-1-46) yields:

Vie AN
U P 1—o

c,t "H,t

MC, =

t

Total derivative of the previous expression is given by:
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n

1 N9V, V. o N

dMC, = dN, —U?V,

Ul-adN Ul—a N
aN, Yy N° dUe Vo N° [dR_dR,
N Ul-a U Ul-alP P

Ny Ve N [dRdR,
1-a “ Ul-alP P

VaulV
%

n

Vv, N
U l-«

Plugging Eq.(A-2-16) into the previous expression yields:

ave —1=a N [V,N  JdN, 1-a N du, 1—a N* (dp, dR,
CONM1-al Vv, N NMl-a U NMl-alP P
:M71 M‘i_a ﬂ—M71 dUC,t +M71 ﬂ_dPH,t
. N U, P P

Multiplying both sides of the previous expression by M =MC " yields:

amc

t VnnN
mcC

v

n

4+«

dnN, du,, N dr. dp,,
N U P p )

c

which can be rewritten as:

Iog[M—Ct]— M‘FO& Iog[&]—log Yer + Iog[ﬂ]—log 9For
mc) | v N U, 3

R s u
Mct], ntzlog[—f], ftzlog[UL't] and

By using the definition of r/n\c =lo
Y g t 8[ MC

V_N . . .
2 the previous expression can be rewritten as:

Vn

2

me. = (p+a)h, —& +(1—1)s, , (A-3-34)

where we use Eq.(A-3-10).
Eq.(A-3-21) implies as follows:

mc: + Py, =mc; +p
=l ‘l‘let + @, Or mc: :_:&rr
:_/lt +pH,t

where we use mc; =—pu, +p,, which is derived by the definition of the desired

markup. Plugging the previous expression into Eq.(A-3-34) yields:
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:&t :gt _<90+Oé>ﬁt _(1_V>St .
Plugging the (log) production function ﬁH,t = (1 — a)ﬁH,t derived from Eqg.(1-21) into the
previous expression yields:

+a . N
y.—(1—v)s,. (A-3-35) ( /i, )

N ;P
'ut:é}_ 11—«

*

p
Dividing both sides of Eq.(A-1-33) by Pi yields:

F,t

nt

U

"
ot

Plugging the previous expression into Eq.(A-1-47) yields:

<

MC* _ *,t Pr* (N:)a .

Ft =, % pt

Total derivative of the previous expression is given by:

* N oy v N LN
e e e A RN s
v, (V') (e’ dB
Ul-alpP P
AN REA (N dUe, , Vs (V) (ap ae,
U 1—al V, N U l-a U Ul-—alP P

Plugging Eq.(A-2-16) into the previous expression yields:

* *

V,.N
T
%

n

d,\;l; —M71 dU:,t _|_M71
N U

c

dMC, =M™

* *

PP

Multiplying both sides of the previous expressionby M =MC " yields:

log MC, | _ | VoV +o|log N, —log Ui +|log dF; —log ;.
MC’ A N’ U P’ T
—~+ MC; o N, V. N
By using the definition of mc: =lo L1, n =log|—| and =-_, the
Y g t g[MC ] t 8[N ] ¥ v

previous expression can be rewritten as:
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*

mee =(p+a)i; —& —vs,, (A-3-36)

where we use Eq.(A-3-11).

Plugging /i, =, —p and .y, E—(mc:” —p:,t> into Eq.(A-3-36) yields:

/I)J: :_<90+Oé>ﬁ: +€: —l—VSt.

Plugging the (log) production function y, = (1—a)ﬁ: derived from Eq.(1-21) into the
previous expression yields:

Ak

Fo. ;
Hy :_Sjo__—ayt +£t TS, (A-3-37) ('uF’t)

3.7 Deriving the LM Equation

Eq.(A-1-34) can be rewritten as:
U/,t — it
U, 1+,

Multiplying —1 on both sides of the previous expression yields:
U

It It

u, 14j,
Summing 1 both sides of the previous expression yields:
1—ﬂ:1— h
U,, 1+,
. .
T 14,

Raise both sides of the previous expression to power —1 yields:

-1
U ]
Uc,t

Total derivative of the previous expression yields:

1+4i =
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-2
d(1+i,) 1—% ~U,(-1)U. U, ——U, |dC, +
. u, u U
=—(1+p) 2| U Uee _Ue dc, + _ﬂﬂ+u e ldl,
U U, u.u U U,
. L
=—(1+p) 2 Uy &C_iﬂc £+ —ﬂL—l—iL dL.
Uflu Uu c u U L
U U, U, U, _|dC, dL,
—(1+p)p||==C— Yep|@Ce | Yy | Yoot
U uuu |c , )L

Dividing both sides of the previous expression by 1+ p yields:

d(1+i C, L
< t>: ﬁc UUlch + UIIL+ chd
1+p U. U U, C U, U. L
— Ucc C—iﬁC ﬂ_ —ﬂL—I— Ze 12t dl‘
U. U U, C U, U. L
which can be rewritten as:
U U |dL U U U dc. 1d(1+i
——”Li 4L | = Cc— —lc L~ ( ’> . (A-3-38)
U, U. L U. U U. C p 14p
[ff —ﬂL—i—ﬁL— — ﬁc Ue U’CC =0, (A-3-39)
/ c Uc Ul Uc
U U ) uu
—— L] = |2 Cc——=—LC|, (A-3-40)
/ c Uc Ul Uc
is applicable.

Let assume U(C,L)= 1L<C“’L19 )HD. Then, we have:
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Ly

U, (1_19)/1'[2]7’,

U (1_19)[_0(1_19)_19];,'[%]1 c,

L 9
UC,:ﬂ(l—ﬂ)(l—w)h/[EJ L, (A-3-41)
y :ﬁh’[ET ,

o

B . L 9-1 .
U, =0—00 —(1-9)h I

with h'= (CHgL? )m :

Plugging Eq.(A-3-41) into the RHS of Eq.(A-3-40) yields:

——[~o(1-9) -9 -(1-)(1- o)

. (A-3-42)
=1

Plugging Eq.(A-3-41) into the LHS of Eq.(A-3-40) yields:

—ﬂwﬁL:—[—wﬁ—(l—ﬁ)]+q9(1—w)

1 c

. (A-3-43)
=1
Plugging Eqgs.(A-3-42) and (A-3-43) into the LHS of Eq.(A-3-39) yields:

1—1=0.

Thus, Eq.(A-3-40) is applicable. Plugging Eq.(A-3-40) into Eq.(A-3-38) yields:
C 1 1+
Iog[L—t]:— Iog[—t]——log 1tk ,
L cC) p 1+p
L

d(1+i 1+i
where we use the fact that ﬁzlog[—f], Iog[&] and M:Io 1+
L L C +p 1+p

Uiy Yy
U U

i c

Uy Yy
U U

i c

U U . .
By using definitions o, =——LL and v= U"L, the previous expression

1 c

rewritten as:

~

(0, +U)it :<0', —l—v)Et —;ir,
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which can be rewritten as:
1 a

=6 ——1i.
t p(U,—i—U)t

t

By using the definition ¢, = , the previous expression can be rewritten as:

o,+v
I, =¢, —mi,, (A-3-45) (I,)
. € i
with n=—=. Similarly,

Ak

IF =& —ni, . (A-3-46) (I)
3.8 Relationship between Changes in the Real Money Balance

and Inflation

M
Taking logarithm the definition of the real money balance L, E?t yields:
t

logL, =logM, —logP..

Subtracting one period delayed equality from the previous expression yields:

logL, —logL, , =logM, —logM,_, —(logP, —logP,_, ),

ol o]

which can be rewritten as:

L L
Iog[f] — Iog[tTl] =logM, —logM, , —

which can be rewritten as:
Iy =l 47 —Am, . (A3-47) (1,,)

Similarly, we have:

=1 47 —Am] . (A-3-48) (],,)
3.9 Log-linearization of the Consolidated Government Budget

Constraint

Egs.(A-1-54) and (A-1-55) can be rewritten as:
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P
B, =G, +B,,(1+i, )" —TR, — ,

t t

*

o o )

t t

B

Total derivative of the previous expressions yields:

dB, =dG, +(1+ p)dB,_, +Bd(1+i,,)—B(1+ p)dIl, —dTR, —d(AM, /P),

dB, =dG, +(1+p)dB;_, +B'd(1+i,_,)-B (1+ p)dII; —dTR; —d(AM;, /R).
where we use the factthat G=0.
Dividing both sides of the previous expressions by Y yields:

dny =$+(1+p)%+bd(l+it1)—b(1+p)dﬂr -

, (A-3-48)
Y
JB dG" dB° . . dTR
e 9% | (14 )9 —|—bd<1+l},l>—b(1+p)dﬂt— t
4 4 Y
o . (A-3-49)
Y

where we use the definition b=

<|wm

Seignorage can be rewritten as:
AM, AM,P_, !
P M. P

t t-1 t

AM,
==y
M t t—1

t-1

t—1

7

AM,  AM; P,

t—1 L*
A

t

AM, /-1 .
:Wlwio_[t) 1I't—1

Total derivative of the previous expressions yields:

d(AM,/R)=—dAM,,
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d(AM:/P:):ﬁdAMt*.

where we use the fact that AM=0. Dividing both sides of the previous expressions
yields by Yyields:
d(AM, /P
[AMJR)_ N PER)
Y M

d(AM /P’ *
(AMm; /P, ):XdAMt A1)
14 M

L
with y=—.
X Y

Plugging Egs. (A-3-50) and (A-3-50) into Egs.(A-3-48) and (A-3-49) yields:

Bt ét +<1+p>6t—1 +(1+p)b;\t—1 _b(1+p)7rt _E;f _XAmt ’ (A'3'52)

~

b = +(1+p)b,, +(1+p)bi, , —b(1+ p)m, —tr. —xAm], (A-3-53)

~ . G ~ _TR,—TR
with btzﬁ, g _d re =——.
Y

t =
A simple tax rule in the non-FTPL is given by:
tre =1h,b, , +<,, (A-3-54)

/\*

tre =1,b, , +< . (A-3-55)
which is identical with Eq.(38) in the text.

3.10 Trade balance
Total derivative of Eq.(A-1-60) and is given by:

dp,
d(NX,/P,.)=dY, —C LA —dC, —dG,.

PH

By dividing both sides of the previous expression by Y yields:

d(NX,/P,,) _av,
y y

dp.  dp,,
P P,

dc,

dG

t
’

C Y

which can be rewritten as:
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NX, /P, Y,
log| —Ht | —|o [_t]_
| e o X

dP,
Iog[ﬂ]—log i
3 P,

(N, /By,)

ol 8]

(NX; /)

—~F*

Let define I;)\(tEIOg and nx: =log

trade balance to the GDP. Then the previous expression can be rewritten as:

—~

nx: :yt _(ﬁt _ﬁH,t)_Et _ét'
Plugging Eqgs.(A-3-10) and (A-3-11) yields:
nxe =y, —(1—v)s, —& —§,. (A-3-58) (nXu.)

Eq.(A-1-61) can be rewritten as:

NX * * * *
*t_Yt - (St>ct_Gt
P .
. P
=Y, — L ¢, —G
P .

Total derivative of the previous expression yields:

*

NXt _ * P * *

Ly -t -G
P 0 R
* * »:dF)’k *dP* * *'
d(NX, /P, )=dY, —C"—+C —~—dC; —dG,
' P P

Dividing both sides of the previous expression yields:

t et St
* * * * * ?

y Y P B C v

F
P* C* G*
Ll —log| =% | —log| =t
P C Y

Y . . C, G,
:Iog[Yt,,]—IogPt +IogPFlt—Iog[Ci]—Iog[ f]

d(NX,/F) v, dp’ L 9R, dc, dG,

which can be rewritten as:

NX. /P, A A
—L — |=log|-L|—log|-
1 8y &

—|+lo
| +log

F

log

Y*
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. ~* NXt/R:,t .
Let define nx: =log — . Then:

~F

nxe =y, —p, +p;, —C — 4,
=y, —|vph, +(1—v)pr, —pr, |- -

Ak

9:
(A-3-59)

:)7: _[_V(p;t _p:/t) _6: _é:

—yt+V5 gt

Eq.(A-1-61) can be rewritten as:

NX,  EP. NX;

PH,t PH,t PF*,t
_ RN
PP

H,t F,t

Taking logarithm of the previous expression yields:

NX ]
P,

Subtracting logY on both sides yields:

NX,
Iog[ ] —logPh;, +logh,, +log
PH,t

/

NX
Iog[%] (Iog . —logP, t)+|og

/

7

=—log$, +log

which can be rewritten as:

—~

nXt:—St‘i‘f/);(t. (f/'l)\(F,t)
Plugging Eqgs.(A-3-12) and (A-3-13) into Eqgs.(A-3-58) and (A-3-59) yields:
nxe = (¢ —1)(1-v)s,,

~F

nxe =—((—1)vs

£

3.11 Iterated Government Budget Constraint
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The government budget constraint is given by:
P, .G, +B_,(14i,_,)=PTR. +B, +AM,. (A-3-60)

The level of seignorage, expressed as a fraction of steady state output can be
approximated as:
AM,1  AM, M, , P, 1
pRY A M,R,Y
1

_AM M Pl (a3-62)
M. Py RY
_AM P, 1
M., R Y
Quantity theory of money implies as follows:
MV =PY,
which can be rewritten as:
vizLt
Y

Plugging the previous expression into Eq.(A-3-62) yields:

AM, 1
—L==xAm,, (A-3-63
P xam,, ( )

with XEV—1 being the inverse of income velocity of money. Note that Eq.(A-3-63)

ignore changes in the inflation and the deviation of the real money balance from its
steady state.
If we do not ignore them, we have:
AM, 1 AM,P_, 1
PY M_, P

t—-1 t

=xIn
t-1 L

Mt ]Htll Lt—l

Eq.(A-3-61) can be rewritten as:

P
H,t G

t

B, +M, :Bt—1(1+it—1)+Mt—1 —F|TR, —

el
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P

P
By applying £ = Pl”:,;”’ =S, ", the previous expression can be rewritten as:
F,t

t H,t

B,+M,=B,_,(1+i_,)+M,_,—P (TR —S,"G,).
Let define SP, =TR, —S, "G, . Then the previous expression can be rewritten as:

B +M,=B_,(1+i,,)+M,, —PSP.

t

Previous equality can be rewritten as:

Bt +Mt :(1+it—1)[Bt—1 +Mt—1] _it—llvlt—l _BSB (A'3'63)
Multiplying (1+it> both sides of Eq.(A-3-63) yields:

(144,)(B, +M,)=(144,) (144, ) (B, + M, ,)—(1+i,) (i, M, , +PSP.). (A-3-64)
Leading Eq.(A-3-64) one period or more ahead yields:

<1+it+1)<Bt+l +Mt+1) :<1+it+l>(1+it><3t +Mt> _<1+it+1><itMt +B+1SB+1), (A'3'65)

(14ic) (B + My, ) = (140, )(1+i s )(Bs + My ) —(1+iy, ) (i iMooy +P,SPL,)

, (A-3-66)

<1+it+3)(Bt+3 +Mt+3) <1+it+3)(1+it+2>(3t+2 +Mt+2)_(1+it+3)<it+2Mt+2 +R‘+3SPI'+3) .

(A-3-67)

Plugging Eq.(A-3-66) into Eq.(A-3-67) yields:

(1 i )(1 e ><Bt+1 + Mt+1)
_(1 + it+2 )(it+1Mt+1 + Pt+25Pt+z )
B (1 s )(it+2Mt+2 + Pt+3SPt+3)

(1 + it+3 )<Bt+3 +M,,; ) = (1 + it+3)

Plugging Eq.(A-3-65) into the previous expression yields:
(14i.,)2+i) (8 +M,)
_(1+ it+1>(itMt +Pt+15Pt+1>
_(1 T )(it+1Mt+1 + 'Dt+25Pt+2) |
_<1+it+3)<it+2Mr+2 +Pt+3SPt+3)
Plugging Eq.(A-3-64) into the previous expression yields:

(1+i.,)

<1 iy ><Bt+3 +M,s ) - (1 + it+3>
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(1 + ir+3)<Bt+3 +Mt+3) = (1 + it+3)<1 + it+2)<1 + it+1)(1 + it)(1+ itfl)(Bt—l +Mt—1)
< t+2Mt+2 +Pt+3SPt+3)
M,,, +P,.,,SP

(t+1 t+1 t42 t+2>

(i.M, +P.,,SP

5P
\ +(1+i)(i_M,_, +PSP.)
=(1+ips) (A +i, ) A +in, ) A+i)(1+i ) (B +M,_,)
(L)oo + PSP )
—(L i )1t ) (Mo + RSP )
(Ui )1t i (L ) (M, + P 1SR )
—(1+is ) (1 +i, )X +i, ) (2 +i) (i M, +PSP)

_(1+it+3)‘
(1
( It+2)+(1+it+l)

Iterating j times yields:

(i (B Mo ) = (1 YL (s )L )b ) 1) (247 ) (B M)
~(Vtie )i My 1+ R SP)
(1+u+,)(1+/t+, ey oMecsa PSPy )

(1+u+,)(1+/t+, (Ui )Mo +PsSPLs)

(14 )i ) (s )+ ) (M, + PSP,

(L )Ly b)) M, RSP
(Ui J(L iy ) (U (e (L iy (142 (M, + PSP

, Which can be rewritten as:

<1+ it+/)<Bt+/ + Mt+/) H(1+it+h)<1+ it71><Bt71 +Mt71)

h=0

j j
Z[H(H/Hk) (0 Moy s PSP
h=0 | k

Dividing both sides of the previous expression by e+j+1 yields:

 \B. . +M,, 1
<1+’r+1) - ) H(1+’t+h)<1+’r (B + M,y

v . (A-3-68)
1 J
S04 205

t+j+1 k

t+j+1

:~

The first term in the RHS can be rewritten as:
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1 { .
H 1+i )1+, )(By M)
t+j+1 h
— Pt+/ P+1 1 Pt+/ 2 . t+1 ﬂ(1+lt+h) 1+It 1)Bt71 +Mt—1

Pt+j+1 Pt+j Pt+j—1 Pt+2 Pt+1 h=0 t

. ” 5w . (A-3-69)
H(1+'t+h) = (1"1"}—1)M

h=0 t+h+1 t

: . \B_,+M,
H(1+It+h)Ht:h+l (1+’t—1)M

h=0 t

The second term in the RHS can be rewritten as:
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1 J Jj
H(1+It+k> (t+h M ih +Pt+hSPt+h>
Pt+j+1 h=0 L k=h
J J
. (L4 )My +PSP) AT T2+ )M, 4Py SPy ) -
k=0 k=1
P i NS v/
T+ H <1+It+k)<lt+j72Mt+j72 +R.‘+j71$e+jfl>+(1+It+1)(lt+j71,vlt+j 1+R.‘+15Pt+j>
k=j—1
Jj J
<1+it+1)Pt+] t+/+ H (1+If+k>Pf+j 1 t+; 1+ +H<1+It+k)Pt+15Pt+1
k=j—1 =1
i
+] (140 )RSP -
_ 1 k=0
A N / .
<1+It+j)lt+j—1Mt+j—1+ H (1+It+k>lt+/ 2y j— 2+ +H(1+It+k>
k=j—1 k=1
J
H T+ )i M
k=0
_\ P J P.. P, .
:<1+It+j) = t+1 + H (1+It+k)#ispt+jfl +e
Pt+/+1 k=j-1 t+j+1 Tt
I Pija Py P J . VP, P, P,LP,P
_|_H(1_|_It+k)Pt+1 ;rl Lotr2 t+15Pt+1+H(1+It+k) t+j thj-1 o T4 t+1Pt SPt-l-"'
k=1 t+j+1 Tt t+3 "t+2 =0 t+j+1 Tt+j t+3 "t+2 Tt+41
P.. P i P. P .. P M. .
+<1+it+') t+j t+j— 1<t+ 1) t+/ 1+ H<1+it+k) t+j t+j—1 Tt+j-2 <I‘t+;2) r+/72+___
! Pt+j+1 Pt+j ” -1 k=j-1 Pt+j+1 Pt+j Pt+j—1 ! Pt+j—z
Loy Pas Py P PPy B M
+H(1+It+k> : F:r p — Pt+2 Pt+ Pt It?t
k=1 t+j+1 Tt+j Tt+j-1 t+3 Tt+2 Tt+ t
+ﬁ(1+i ) PH/’ Pt+1 1 Pt+/ 2 . Pt+2 Pt+ P P l Mt—l
t+k t-1
k=0 t+j+1 Pt+j Pt+; 1 Pt+3 Pt+2 Pt+1 Pt Ptfl

I
=~
- :

J
<1+’t+k> t+k+1 t+k + H (1+it+k)Ht+k+1SP+k+ +H(1+’t+k>nt+1k+1s t+1

k=j—1 k=1

J
+H(1+it+k>Ht+1k+1 t+k T
k=0
j J
+H(1+It+k> et <Ht_-:jit+j—lLt+j—l)+ H (1+it+k>Ht+lk+l (Ht_ﬂ theyjabesj 2>+ o
k=j k=j—1
J J
+H(1 e )Ht+1k+1 ( ;+1 t ) + H(l Tl ) f+k+1 (Hillf*lLf*l )
k=1 k=0

’

which can be rewritten as:
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( lein 1Mt+h 1 +Pt+hSPt+h>

l ﬁ(1+’t+k>

P 1 h= L_h

J

J
1+It+k t+k+1 t+k + H 1+’r+k)Ht+lk+1SPr+k +"'+H(1+it+k Hr+1k+15Pt+1

k=j—-1 k=1

:\:H

+ <1+f;+k)Ht:k+1 e

=~
Il
o

, . (A-3-
j
<1 + It+k )Ht-ikﬂ (H;-:jit+j—1Lt+j—1 ) + H (1 + it+k ) Ht+lk+1 (H;lj—1ir+j—th+j—z ) +

k=j—1

<1+it+k)Ht43k+l< ;+1 >+ﬁ(1+lt+k> t+k+1(H71it71Lt71)

3| (RN iﬁmﬂwmwl

-

+

=
Il
-

-

_|_

>¢
=

1 .
(Ht+hlt+h—1Lt+h—1 )

I
OM\

k=h 0 [k=h
70)
Plugging Eqgs.(A-3-69) and (A-3-70) into Eq.(A-3-68) yields:
. \B. +M / . \B,.,+M,
(1+’t+1) - H<1+It+h) t+h+1 <1+’t71)M
t+j+1 h=0 t
J J J J L
H(1+It+k) t+k+1 H(1+It+k) t+k+1 (Ht+hlt+h—1Lt+h—1)
=0 L k=h h=0 [ k=h
. (A-3-71)
Eq. (A—1—30) can be rewritten as:
u .z
=5 St (A-3-72)
t+1 1+I Uct+lzt+1

Plugging Eq.(A-3-72) into the first term in the RHS in Eq.(A-3-71) yields:
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J B .+M,_
lH<1+It+h> t+h+1 (1+ I 1>M
h=0 t
I B .+M._
H j+1Ht+/Ht+lj 1 "Ht+2H 1H<1+It+h> 1+It 1>M
h=0 t
1 Uc,t+th+j 1 Uc,t+j—1zt+j—1 1 Uc,t+j—zzt+j—2

1+i ., U 42050

[ﬁ bl UeeriZe

1 U,z
1+i U, 02y
) B._,+M,,

1+ ir+j Uc,t+j+1zt+j+1 (A-

1 Uc,t+1Zt+1
1 + it+l Uc,t+22t+2

s <1+it+/’>(1+it+/—1>(1+it+j_2>

[5

"<1+it+l>(1+it)(1+ir—1

t

Uc,tZt ) Bt—l + Mt—l

— 6_(j+1>

m (1+i,,

c,t+j+lzt+j+1 t

3-73)
Plugging Eq.(A-3-72) into the second term in the RHS in Eq.(A-3-71) yields:
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1 U..Z,

Mt =g+
. ﬁ 1"” Uc t+1 t+1

J | I |

Z H(l—l—lHk) t+k+1]5 on + [H<1+It+k> thk+1 (H;Jihit+h71Lt+hfl)

h=0 [ k=h =0 Lk=h

j J

:H(1+It+k> t+k+1 (SPt-H +Ht+/ t+j-1 H—J 1)+ H <1+It+k) t+k+1 (S t+j-1 +Ht+1/ 1't+/ 2Lt+/ 2)+

k=j k=j—-1

-

j
et H(l + ’t+k) t+k+1 ( iy 1_'[t+1 ) + (1 T )Hf:kﬂ < ot Ht_litflL‘*)
-1

=
II

0

:<1+i )ﬂfl 1 Uc,t+th+j Y2 _l_ﬁq it+j—1 Uc St j— 1Zt+j—1 L ]
t+j . t+j . t+j—1
! T4ie; UerrjiaZejin ! I4i i Uiy J
. . — 1 Uc t+'Zt+'
+(1+i )(1+i )8 ! - AEELAE
< j)( ! ) 1+, Uc,t+j+1zt+j+1
Xﬂ_l 1 Uc St 1Zt+j—1 +ﬁ_ t+; 2 Uc - zZr+j 2 L +
. t 1 t4j—2
1+It+j71 Uc t+JZt+j v 1+It+1 2 Uc St lzt+1 1 !
- 1 Uc - Zt+' -1 1 Uc t+j— 1Zt+ j—1
“+<1+it+')(1+it+'71).”<1+it+2)(1+it+1)6 ' : - p i : ]
! ! 1+It+j Uc,t+j+1zr+j+1 1+’r+j—1 Uc r+;Zt+/
..ﬁ*l 1 Uc,t+ZZt+2 571 1 Uc,t+1zt+1 [ _f_ﬁf . Uc,tZt L
. . t+1 t
1+It+2 Uc,t+3zt+3 1+It+1 Uc,t+zzt+z " 1+’ Uc t+1Zt+1
. . . Na1 1 Uil - 1 U2,
+<1+It+j>(1+lt+j—1).”<1+It+1)(1+lt)ﬁ 1 A+ Tt B 1 15t -1

1 + It+j Uc,t+j+1zt+j+1 1 + It+j—1 UC H—th-H

gL YerZin go 1 U (o o iy UonZes, ]
. t . t—1
1+It+l Uc,t+22t+2 1+I UC t+1Zt+1 1+It71 Uc,tzt
:/871 Uc,t+th+j t+; +ﬁ7 t+/ 1 Uc,t+j712t+jfl Lt+j1]
Uc,t+j+1zt+j+1 1+It+1 1 Uc,t+th+j
_|_/872 Uc,t+j—1zt+j—1 S +/8— t+] —2 UC Jt+j— ZZt+j 2 L
t4+j—1 t4j—2
Ct+j+H15t+j+1 1+It+1 2 Uc e j— 1Zt+1 1

I U..Z,
1+i U, ,..Z

ct+17t+1

L

t

U, .. Z
+...+ﬁJM[ t+1_|_5*

UC,t+j+1 t+j+1

. U .z i U, .z,
—(j+1 c,t™t -1 t—1 c,t—1
+BU = sp 4 g L,
Uc,t+j+1Zt+j+1 1 + Itfl Uc,tZt
_571 Uc,t+th+j +67 ct+j 1Zt+j 1 lgja +ﬁ72 cr+/ 1Zr+1 Lgp
- U t+1 7 1+ t+j71 t+j—-1
Ct+j+H14 tj+1 Ct+ 14 tj+1 leyja Ct+jH1%t+j+1
437 UetriaZeeja iy L ey g Uriaia e Gy Uil Iy
U Z. . 14i e U Z Fia U Z. . 1+i
Ct+j+1%t+j+1 t+j—2 Ct+j+15t+j+1 Ct+j+15t+j+1 t

_|_ﬁf(j+1)u U..Z SPt—I—ﬁf(HZ) U261 i,

. t—1
Ct+j+15t+j+1 Uc,t+j+1Zt+j+1 1+It71



. (A-3-74)

Plugging Eqgs.(A-3-74) and (A-3-73) into Eq.(A-3-71) yields:

14 B, +M,; _ﬂf(j+1) U2, (1+I )Bt,l +M,
t+) - U t—1
t+j+1 ct+jH1etj+1 t
5—1 Uc,t+jzt+j +ﬁ_ ct+j 1Zt+j 1 It+j 1
U t+; U 7 1+4i t4j—1
Ct+j+15t+j+1 ct+jH15t+j+1 t+j-1
Z .z i
-2 ct+/ 1%t+j-1 -3 c,t+/—2 t+j—2 t+j—2
+5 U SPH—] 1 +ﬁ U 7 1 t4j—2
ct+jH1Stj+1 ct+j+15t+j+1 +’t+j—2
—j Uc,t+1Zt+1 (j+1) Uc,tZt I
et B SPy 0 S
Ct+j+15t+j+1 Uc A1t j+1 +It
_ . U, .Z._ i
—(j+1) —(j+2) ct—1 t—1
+8 TR SP.+0 Uz 1.
CtHj+15t+j+1 ct+j+15t+j+1 +It—1
- 67(j+1) Uc,tZt (1+i )Bt,l —|—Mt,1
- U 7 t—1
ct+jH15t+j+1 t
o h-i-2( Iiih
—j— j— _ t+h-1 1
- U 7 E :ﬁ Uc,t+th+hS t+h + E :ﬁ c Jt+h— 1Zt+h 1 1
ct+j+15t+j+1 \ h=0 +i ltha

Multiplying ﬁtHH

on both sides of the previous expression yields:
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. B, .+M,_ . , , U .z B . +M
tHj+l . t4j t+j _ ot4+j+1l n—(j+1) ctet t—1 t—1
B (1‘|"t+j) =p B U (1+lt71)
t+j+1 Ctj+15t+j+1 t
/Bt+j+1ﬁ71 UC,t+th+j +ﬁt+/+1/8— ct+j 1Zt+j 1 IH—]' 1
U t+/ U 7 14i t4j—1
ctHj+15t+j+1 Ct+Hj+1et4j+1 t+j-1
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Take the limit for j— oo vyields:

u.z
O: t ct™t
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c,t+oo+1"t+o00+1
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U

c,t+oo+1

Z
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U

¢, t+ootHl

Multiplying Z

t—1

1 o0
_—[ZBHhUc t+th+hSP+h +Zﬁt+h U ct+h— 1Zt+h 1

) Bt—l + Mtfl
t

t+h 1

oy,
T4ip,

=0 isthe TVC.

tHj+1

t+j+1 0on both sides of the previous expression yields:
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Multiplying 3" on both sides of the previous expression yields:
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which can be rewritten as:
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which can be rewritten as:

67,2, (14, 1)M

t

=B7'U_,Z,SP, +U

+87°U

c t+1zt+1 t+1 +

t—l
c,t— 1
t—-1

UZ
+h 1+

o0
z : h—1
6 Uc ,t+h t+h

h=0

Sp

t+h

o0

+Z 6h72UC,t+hflzt+hfl

h=0

BU. sz SP, -

t+2¥7 t+2

—L +U

c,t+1

V4

t

t+1

liha

T+ s

t+h—1

, (A-3-75)

. (A-3-76)

It+l L

1+i,,

t+1 +

Leading the previous expression one period ahead yields:
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Multiplying 3 on both sides of the previous expression yields:
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Plugging the previous expression into Eq.(A-3-76) yields:

. \B_,+M I
ﬁ ot t(1+lt—1>tth ﬁ U ZSP"‘ﬁ ct— 1 1—|t-ilt,1Lt_1
B, +M
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Multiplying 3 on both sides of the previous expression yields:
B M j
U”Zt(1+it_l)g U, ZSP+(7U,, Z ’f*} L,
' R Tl
B M (A-3-77)
H0U, paZ 0 (141 ) ———
R
Eq.(A-3-77) can be rewritten as:
) _ i
U, Z (14 )(Boy + Ly )T = U, Z SR+ 57U, 12, — L
1+'t 1, (A-3-78)
+HBU, 1 Ze,0 (144)(B, +L )L,
B
with B, =—

Eq.(A-3-75) can be rewritten as:

ZﬁhUCIHhZHhSPHh
Uy Ze (147 )(Bey Lo )T =| ,. , (A-3-79)
+Z/Bh 1UC t+h—1 t+h 1 1_;_+h - t+h—1
t+h 1

Similarly, we have:
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UL 2, (1) (B4 L)) = UL 2058 4070, 12
-1 (A-3-80)

—{—ﬁU:t+1Z:+l (1 + i: )(B: + L: )(H:ﬂ >_1

3.12 Log-linearizing Iterated Government Budget Constraint

Eq.(A-3-78) can be rewritten as:
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_Buc,t+lzt+1 (1 + it ) (Br + Lr )H;jl - Uc,tZtSPt

1 1
Multiplying 8————(1+/,_,)—— on both sides of the previous expression yields:

ct—17t-1 -1

. Uz . . L
iy = B (Ui, ) (B L )TL LY,

Uc,tflztfl

Uu..zZ u.z '
7 (4 1) (BT A — S (14 )

Uc,tflztfl c,t—1"t-1

Summing 1 on both sides yields:

. u..zZ .o\ e
1+ = ﬁ#(l"f’ It—l) (Btfl +Lt71)Ht lLtjl
Uc,tflztfl

U,z
—B— 5P (1 i, LY
U Zt71 t t t

c,t—1

u..z
ey 0B, LI 41

c,t—1t-1

U,z . ~1y-
) (B T

u..z
_B#SR <1+ it—1)L;—11

U Z U .z
—A= (i) B (1) (B + LI ALY +1

c,t=t c,t—1-t-1

ct—-17t-1

Note that SP.=TR. —S, "G, . Plugging Eq.(A-3-72)

into the previous expression yields:
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1

1+i,,= 1+] Ht (1+it71)2 (Btfl +Lt71)H;1L?711
t—1
1 .
1+ i HtSPt (1 + Itfl)Ltfll
1 . .
1—.Ht+1(1+lt) Ht(l—i—ltfl)(B +L )Ht+1 t— 1+1
+ 1, I 4
1+ . _
= ﬁ(l + It—l)Hth ' (Bt—l + Lt—l)Lt '
1—|—It 1H SPL’
1+i,,
U
N | B, +1L 1
gy Ll (B +L)L+
=14, )|+ 1] —1IL,sPL " — 11, (B, + L, )L, ", +1
t—1

Total derivative of the previous expression is given by:
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Dividing both sides of the previous expression by 14 p yields:

d(1+it_1):[z§+1]d(1+it_l)+1dBt_l
1+p Ly 1+p L vy
BY [18}%,dg1 Y B

—(1-7 gl ———(1—7
Bl )| -9

_|BY
YL

_|_

u—ﬁyuﬂg%+Q%nt

which can be rewritten as:

I b Il 1 n
i, = [_+ 1]It—1 +_bt—1 +
X X

btfl + X\;«‘/j -1 Xﬁ

The previous expression can be rewritten as:

» bA-B) = by, b(1—B) + x B

b, +

dsP.

M1fﬂf+qﬁzi b(1—3) ~

YdB, dl,
SP 5L)’ ﬁL'

B b+xp

U

1
4 SP; t—1 +—
X X X0

x5

It—l __Bt _Bit -
X

The LHS is revenue which consists of interest payment deprived from households and
the fiscal surplus. The first to the third terms in the RHS is expenditure which consists of
burden to redeem government debt with interest payment and real money. The fourth
to fifth terms mitigate that burden. Newly issued government debt and real money and

inflation tax.
Further:
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~ b(1-B)Y +xB% A
bt71+ < ) - ltfl_ébt_ﬁlt_ X T -

b(l — j) —~ b - 1
X X5 X

Py = _itfl +
X

X0

Here, seignorage in the LHS disappear. That is canceled by interest payment.

L B~ B . . .
Plugging sp, = tr: — into the previous expression yields:
1~ 1. b. 1, b5 +x5" . . bt
_trf__gt =l +_bt—1+ ( ) It—l_ébt_ﬁ/t - Xﬁ T
X X X X X0 X %
which can be rewritten as:
~ .. bA=B) 3 . . .
tre=bi, ,+b, ,+ ( )j —1,_, — b, — Bxl, — (b+ x3)m, + g, . (A-3-81)
which is a class of log-linearized Euler equation.

Similarly, we ha:
~* ~x s b 1 — 3 : + X/J‘A‘gz A s Ak * Ak
tre=»bi, ,+b, |+ Gt ?j ~—1", — Bb, — BxI, —(b+xB)m, +g, . (A-3-82)

Log-lineraizing the definition of SP.=TR, —S, "G, yields:

dSP, =dTR, —(—v)GdS, — dG,
=dTR, —dG, '
Dividing both sides of the previous expression by SP yields:

dSszi[ B ]dm _l[i]de
sp Bli—-p) ' Bli-p)
_LL]E_L L]ﬂ
" Bl1—-3) v Bl1-38]vy

Let define tr, = dTR, and g = dG, . The n the previous expression can be rewritten as:
Y Y
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3.13 Log-linearizing Iterated Government Budget Constraint
Eq.(A-1-38) can be rewritten as:

U,z =U.2z

ct—t "

where we use Eqgs.(A-1-20) and (A-1-25). The previous expression can be rewritten as:

. Z
Uct :Uct_t :

. ‘'z

Following Okano and Eguchi (2023), we assume no persistence on Preference shock.
Then:

where 7, , = Z:+1 =1. Log-linearizing the previous expression yields:

*

R Z
logU,, =logU;, +log -

Zt+1
—=(—lo
2o

t

t

Subtracting logU. from both sides of the previous expression yields:

| Uct |O U:t
og|—t|=log|—~
g U, g U

which can be rewritten as:

*

Z
+log —til

’

t t

Zt+1
—=1—lo
2o

&=& — P+ 0 - (A-3-83)

3.13 Rewriting the Market Clearing and Euler Equation

Eq.(A-3-12) can be rewritten as:

V. =V, —Ss,—G, +4,, (A-3-91)

V. =y, +s, +8,—3. . (A-3-92)

Plugging Eq.(A-3-91) into Eq.(A-3-13) yields:
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v, +(1—v) (9, —s, =G, +6, )= +(1-v)& +vG, +(1-v)g,,
which can be rewritten as:

y, =vC, +(1—v)s, +(1-v)¢ +4,. (A-3-93)

Plugging Eq.(A-3-92) into Eq.(A-3-13) yields:

y, =vé, —vs, +(1-v)¢ +4; . (A-3-94)

Subtracting Eq.(A-3-16) from Eq.(A-3-15) yields:

&8 =6 —Euti—i —m B

Plugging Eq.(A-3-83) into the previous expression yields:

=i +e. —€ +Pry—Pri- (A-3-95)

Egs.(A-3-93), (A-3-94) and (A-3-95) can replace Eqgs.(A-3-12), (A-3-13) and (A-3-83)
3.14 Some Entities

The PPP

e,=p,—p, . (A-3-84)

The CPI Inflation
T, =7, +(1—v)As, (A-3-85)

T, =m, , —vAs, (A-3-86)

Changes in the CPI Inflation
Ty =Py — P (A_3_87)

T, =p; — Py, - (A-3-88)
Import Inflation
T, =T, +e —e_,, (A-3-89)

*

Ty =Ty —€ T €. (A-3-90)

4 Policy Regimes
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Plugging Et =0 forall tinto Eq.(A-3-56) yields:

. 1 b . 1 b ~
Amt:lgt‘i_( +10) itfl_( +p> Wt—ltrt,(A‘g'SZ)

X X X X

The domestic and the imported goods inflation is given by:

6.5.4 The Steady State in the Case of No Subsidiary
We focus on equilibria where the state variables follow paths that are close to a
deterministic stationary equilibrium, in which TII,, =TI, =1 . Further, we assume

Z,=7 =1 and G,=0.

Egs.(A-1-30) and (A-1-14) implies as follows:
1

f=—

1+

1
TN
which is identical with Eq.(A-2-1).
Eq.(A-1-32) implies that:
w Vv,
T
which is identical with Eq.(A-2-2).
Eq.(A-1-34) implies as follows:

7

) .
! — I,
U. b

which is identical with Eq.(A-2-4).
Eq.(6-4) implies:

e L s (AN

[1+608+(08) +- -H(U:)ll_l Cut

which can be rewritten as:

-1

U=[M(1-7.)|
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with N\ = € being the constant markup. As long as we assume 7.=0,
e—1
U=M".(6-15)
Eq.(A-1-46) implies:
e L W
1-aP,
Which is identical with Eq.(2-5).
Eq.(A-1-5) can be rewritten as:
v, _Wh,

n

U kP
which is identical with Eq.(2-6).
Plugging Eq.(2-5) into Eq.(2-6) yields:

v, 1-ah,

n

U NMP’

which is identical with Eq.(2-7).
Plugging Eq.(2-8) into Eq.(2-7) yields:

vV, 1l-a«
U, N°Ms"’
which can be written as:
1_
n = - Uc'
N°MS”

which is identical with Eq.(A-2-16)
Eq.(6-1) implies:

ut=o(U;) s
Plugging Eq.(6-15) into the previous expression yields:
U;l _ 19<U: )*1 S\

B . (6-16)

=9(U]) " w(S)
Note that:
w(S) =Q
* * 1-v
S - i] M (6-17)
P PH PF PF PH

— Slfllel

Eq.(6-16) can be rewritten as:
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s =0(U) SM U,
Plugging the previous expression into Eq.(A-2-16) yields:

1—« M
N 9(ur) sm

- . (6-18)

Notice that H, <0, IsirrgH(S,UZ):—i—oo and IimH(S,UZ>:0 (g, >0).

S—o0
On the other hand, the market clearing Eq.(6-6) implies:
Y=(1-v)S"C+vM'SY’, (6-19)
where weuse C =Y.

Because of C :F<Uc’1> and Eq.(6-16), we have:

C:F[ﬁ(u )

o %
S————
-
&
—~
(%}
~—
[

_ F[ﬁ(u* )" s“Ml]’

with F being the operator of function.
Plugging the previous expression into Eq.(6-19) yields:

*

Y= (1—V)S”F[19<Uc )_151_”M_1]+1/SC* . (6-20)

Let define J(s,c*)z(1—1/)5”F[z9(uj)’1slf”M*}wsy* . Note that J,>0 ,

limJ(5,C")=0 and limJ(S,C")=+o0.

S—0 S—o0

Hence, given a value for C*, ¥ and Y, Egs.(6-18) and (6-20), jointly determine the
steady state value for S and w(S), i.e., the steady state value of the TOT and the real

exchange rate.
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Dividing both sides of Eq.(6-19) by C" yields:

Y* =(1-v)s" C +M'S.
C o

For convenience, and without loss of generality, we can assume that initial conditions

(i.e., initial distribution of wealth) are such that ¥ =1 which implies that Q=

PR

Plugging this condition into the previous expression yields:

2_: (1-v)s"Q+vSs

(1-v)S"S"™ W +vs
(1-0)¥+4]s

where we use a steady state condition Q=S""T¥ which stems from Eq.(A.1).

which can be rewritten as:
Y =[(1-v)¥ +v|sY", (6-20)

by using Y =C" which is the steady state market clearing condition in the foreign
country. Eq.(2-15) is no longer applicable.
Egs.(2-17)—(2-20) is still applicable. Thus. Eq.(2-21), i.e., S=1 is applicable. However,
even if plugging Eq.(2-21) into Eq.(6-20), we cannot obtain Eq.(2-15) because ¥ =1 is
not applicable.
Plugging Eq.(2-21) into a steady state condition Q=S""U vyields:
Q=M", (6-21)
where we use Eq.(6-15). The PPP in the long run is no longer available.
Plugging Eq.(6-21) into the initial condition yields:
C=CM1, (6-22)
Thatis, C=C" is no longer available.
Plugging Eq.(6-22) into Eq.(6-20) yields:
Y=|1-v)M* +v|cM
=(1—v)C+vCM
=[(1—v)+wM]C

Thus, Y=C is no longer available.
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Figure TA--1
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(Relative) PPP in a Small Open Economy in the Steady State
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